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It is shown that in the Nambu - Jona - Lasinio model at nonzero chemical 
potential there are two different massive phases with spontaneously broken 
chiral symmetry. In one of them particle density is identically zero, in another 
phase it is not equal to zero. The transition between phases is a phase 
transition of the second order. 

This is an english translation of the article, published in Russian journal 
Pis’ma Zh. Eksp. Teor. Fiz. (JETP Letters) |ll]. 

It is well known that Nambu - Jona - Lasinio (NJL) model [Q, ^ is perfect 
laboratory for the investigations of low energy region in QCD. The subject 
of special interest is the spontaneous breaking of chiral symmetry. In the 
framework of NJL model this phenomenon was studied at nonzero temper¬ 
ature and density H, in the presence of external fields 0, at nonzero 
curvature and nontrivial topology of space - time |0]. 

In the present article the phase structure of NJL model at nonzero chem¬ 
ical potential /i is considered. In contrast with earlier papers [^, || we have 
found new massive phase of the model. The NJL Lagrangian has the form: 

N G ^ ^ 

L = Y. + (X ^ki^b'ipkf]- (1) 

k=l k=l k=l 

It contains N four - components Dirac helds 'ip. So one can use 1/N - expan¬ 
sion technique. Eq. (1) is invariant under continuous chiral transformations: 

= ( 2 ) 

First of all let us recall some well - known vacuum properties of the theory 
(1) at /i = 0. The introduction of an auxiliary Lagrangian 

_ . _ N 

L ='ipidp; - + ia2'^5)tp - + (tD (3) 
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greatly facilitates the problem under consideration. (In (3) and other for¬ 
mulae below we have omitted the fermionic index k for simplicity.) On the 
equations of motion for auxiliary bosonic fields Ui 2 the theory (3) is equiva¬ 
lent to the (1) one. 

From (3) it follows in the leading order of 1/iV - expansion: 

exp(iS'e//(ai,2)) = J D%jjD%jjexp{i j Ld'^x), 

where 

( 0 - 1 , 2 ) =-y d^x^^-^^-i\ndet{id-ai-i'y5a2). (4) 

Supposing that in this formula 0 - 1,2 are not dependent from the space - time 
points we have by definition: 

-Se//(ni,2) = -K//(c^i,2) j (5) 


where (S = ^ofT^): 






( 6 ) 


Introducing in (6) Euclidean metrics (po —^ ipo) and cutting off the range 
of integration (p^ < A^), we obtain: 


2G 16x2’ 


Aa.dl + ^ +A2E2- 




(7) 


The stationary equation for the effective potential (7) has the form: 


9Eo(S) 

(9S 


= 0 = 


NE j 
4^1“^ 


-A^ + SMn 1 + 


A2' 

S2 


( 8 ) 


Now one can easily see that at G < Gc = 47r^/A2 eq. (8) has no solutions 
apart from S = 0. Hence, in this case fermions are massless, and chiral 
invariance (2) is not broken. 
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If G > Gc, then Eq. (8) has one nontrivial solution Eo(G, A) ^ 0 such 
that -E(Eo) = 0. In this case Eq is a point of global minimum for the potential 
Vo(S). This mean the spontaneous breaking of the symmetry (2) takes place. 
Moreover, fermions acquire mass M = Eo(G,A). 

In the following at G > Gc we shall use the fermionic mass M as an 
independent parameter of the theory. Three quantities G, M and A are 
connected by the Eq. (8). In terms of M and A the effective potential Vo(E) 
has an equivalent form: 


-A^ln(l + EVA^) + SMn(l + AVE^) 


(9) 


Let us now imagine that /i > 0 and temperature T 7 ^ 0. In this case one 
can obtain effective potential if the mesure of integration in (6) is 

transformed as 



Summing there over n 0, we have: 



+ exp(-/?(^S2 +p2 + /i))][l + exp(-/3(^S2+p2_^))] (iq) 


where [3 = 1/T, and Vo(E) is presented in (7-9). Since we are going to 
study phase structure of NJL model at /i > 0 and T = 0 only, one should 
direct the temperature to the zero in the above equation. From this we have 
corresponding effective potential V^{Y3)\ 



( 11 ) 


The function (11) is symmetric under transformation S —> —S, so it is 
sfficient to learn the situation with S > 0 only. 


3 









In the present paper we shall consiger the case G > Gc only. From (9) 
and (11) one can hnd stationary equation for the effective potential (M, A 
are free parameters): 



Let jj, < M and M << A. Then at S > /i eq. (12) coincides with 
stationary equation for the potential Vo(S) (9). Hence, in this case the single 
solution of (12) is Si = M. At S < /i eq. (12) takes the form: 

E/„(E) = e|2m^^ 2 - E2 - 1,1 (l + ^) + 

+e2 1ii|(E^ + A^)/(p + - E2)2] 1=0. (13) 

It is easily to show that at M << A the function /^(S) is monotonically 
increasing one over variable S G [0,/i]. Obviously, that < 0 at /i < M, 

//I (a) > 0 at a > ^ and //^(a) = 0 at a = M. Consequently, a.t jj, < M the 
single solution of eq. (13) is the point S 2 = 0. So, a.t jj, < M the potential 
(11) has two stationary points: Si = M and S 2 = 0. At S 2 = 0 there is 
a local maximum of the potential. But the point Si = M is the point of 
global minimum for V)j(S). Hence, at fi < M the chiral symmetry of the 
NJL model is spontaneously broken and fermions have mass M. 

Suppose now that M < a < where 

M^)=[—+ • (14) 

It is evident that for such values of the chemical potential f^{0) < 0 and 
/it( a) > 0- So the monotonically increasing function //i(S) (remember M « 
A) crosses S axis in the single point which has properties: 

M jj, ^ M 

0 A^hic(M). (15) 
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We have to remark, that in the case under consideration the point Si = M 
is no more the solution of the eq. (12), but S 2 = 0 is the local maximum of 
the potential (11) as before. So at M < /i < /iic(M) there is a spontaneous 
breaking of the symmetry in the NJL model, and fermions acquire mass 
S3(/i,M). 

At fi > fj,ic{M) eqs. (12), (13) have the solution S 2 = 0 only. So at /r > 
we have massless phase A of the theory. Here the chiral symmetry 
is not broken. In the critical point fiic{M) there is a phase transition of the 
second order from the massive phase to the massless one, because the order 
parameter - fermionic mass - is a continuous function, when ^ = fiic{M) 
(see (15)). 

Now we are going to prove that indeed there are two different massive 
phases of the theory. The first one - the phase B - is situated, when /i < M 
and the second one - the phase C - is realized, when M < jj, < So 

we shall try to investigate the thermodynamic potential (TP) fl(/u) of the 
NJL system at the point /i = ij, 2 c{M) = M. Let 


H(/i) 


^^(/i), fi < M 

Hc(h), M < n < /iic(M). 


(16) 


Recall, that TP is the value of the effective potential at the point of global 
minimum. Hence, ^^(h) = = l^/i(S 3 (h) ^))- Now let us 

calculate derivatives of and flc(h) at the point fi = M. First of all 

one should note that from (15) it follows Qb{M) = VLc{M). From (9-11) we 
have 


= V^{M) = Vo{M) = ^ {m^- 
-M^ ln(l + AVM^) - A^ ln(l + MVA^) } . 


(17) 


It is clear, that flB(/i) is fi independent function, that is why all its derivatives 
over fi identically equel to zero in the region fi < M, including the case 
fi M_. The first derivative of the Hc(h) is: 

dn,{fi) _ j dv^iE) ap^(s) gs| 

dfi \ dfi dTi dfi J 
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Since S 3 is the solution of the stationary equation ( 12 ), the second item in 
(18) equals to zero. Taking into account (11), we have: 


dflc(h') 

d/i 


av;(s) 




N 


S=S3 


Stt^ 


(a" 



(19) 


According to the eq. (15) expression (18) equels to zero, when fi —> M+. So 
the hrst derivative of the fl(/i) is continious function at the point /i = M. In 
the following we need the relations, which are consequences of eq. (13): 


dfi 



f dU^) 


“1 

1 

as 

1 


S=S3 


_ - Sj _ 

E3{ln[(El + A=)/(m + - El )=] - AV(Ei + V)} ’ 


( 20 ) 


<^^^3 _ _ 2(/i S 3 S 3 ) pi'.jS 'in 2 \ 


( 21 ) 


Here in the braces in (21) one should mean the same expression as in the 
braces in eq. (20). Evidently, that S 3 —>• 0 at /i —>• M, but the second 
derivative S 3 at p —M turns into (—C)o). Let us now hnd second and third 
derivatives of the TP flc(h)- Taking into account eqs. (20-21) and (19), we 
obtain 


d^a(h) 

{dfxY 



- SsE') 


( 22 ) 


<Pac(iA _ iv (i.-S 3 s;)^ N 

(diif ir^ ^^2 _ 22 ir^V “ 

- (E(^)^-E3E;'). (23) 

Expression (22) at p —>■ M turns into zero, but the third derivative of the 
TP flc(h) at yU —> M turns into inhnity. Hence, at the point /i 2 c = M we 
have discontinuous third derivative of the thermodynamic potential f 2 (/i). 
According to the criterion of the phase transitions |^, this mean that at 
the point fi 2 c{M) we have phase transition of the second order from massive 
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phase B (at /i < M) to the massive phase (at M < p < /iic(M)). The main 
phisical quantity, which takes different values in those phases, is the density 
of particles number: 

n = —5n(/x)/c?/i. (24) 

With the help of eqs. (24) and (17) one can easily show that in the phase 
the particles density ub = 0. But in the phase (see (19)) we have: 


Hr = 


N 


{l/ - ^0. 


(26) 


Resuming, we should note that in quantum systems with NJL Lagrangians 
at nonzero chemical potentials there are three different phases. The hrst one 
is massless chirally symmetric phase A, the second B and the third C are 
massive with spontaneous breaking of chiral symmetry phases. The new 
phase C is not observed in low dimensional four - fermionic models 


10 , 11 


In the present paper we have restricted ourselves by condition M « A. 
But in the forthcoming article by Vshivtsev, Zhukovsky and Klimenko the 
whole range of variations for the parameter M is considered. In this case 
the same phases A,B and C of the NJL model are possible. But the critical 
behaviour of the model is more various. Indeed, we have observed on the 
phase diagram p, M of the model several tricritical points as well, as the 
phase transitions of second and hrst orders. 


References 

[1] A.S. Vshivtsev, K.G. Klimenko, Pis’ma Zh. Eksp. Teor. Fiz. 64, 313 
(1996). 

[2] Y. Nambu and G. Jona-Lasinio, Phys.Rev. 122, 345 (1961). 

[3] V.G. Vaks, A.I. Larkin, Zh. Eksp. Teor. Fiz. 40, 282; 1392 (1961) 
(in russian); B.A. Arbuzov, A.N. Tavkhelidze, R.N. Faustov, Doklady 
Akademii Nauk USSR 139, 345 (1961) (in russian). 

[4] S. Kawati and H. Miyata, Phys.Rev. D23, 3010 (1981). 


7 








[5] J. Fuchs, Z.Phys. C22, 83 (1984); V. Bernard, U.-G. Meissner and I. 
Zahed, Phys.Rev. D36, 819 (1987); Chr.V. Christov and K. Goeke, Acta 
Phys.Pol. B22, 187 (1991); D. Ebert, Yu.L. Kalinovsky, L. Miinchow 
and M.K. Volkov, Int.J.Mod.Phys. A8, 1295 (1993). 

[6] D. Ebert and M.K. Volkov, Phys.Lett. B272, 86 (1991); S.P. Klevansky 
and R.H. Lemmer, Phys.Rev. D39, 3478 (1991); M. Faber, A.N. Ivanov, 
M. Nagy and N.I. Troitskaya, Mod.Phys.Lett. A8, 335 (1993). 

[7] T. Inagaki, T. Muta and S.D. Odintsov, Mod.Phys.Lett. A8, 2117 
(1993); E. Elizalde, S. Leseduarte and S.D. Odintsov, Phys.Rev. D49, 
5551 (1994); Phys.Lett. B347, 33 (1995); D.K. Kim and LG. Koh, 
Phys.Rev. D51, 4573 (1995). 

[8] L. Dolan and R. Jackiw, Phys.Rev. D9, 3320 (1974). 

[9] I.P. Bazarov, E.V. Gevorkyan, P.N. Nikolaev, Thermodynamics and Sta¬ 
tistical Physics, Moscow State Univ. Press, Moscow (1986). 

[10] V.A. Osipov, V.K. Fedyanin, Teor. Mat. Fiz. 73, 393 (1987) (in russian); 
K.G. Klimenko, Teor. Mat. Fiz. 75, 226 (1988) (in russian). 

[11] K.G. Klimenko, Z.Phys. C37, 457 (1988). 



